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Kac— Moody Algebras and Controlled Chaos 
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Compactification can control chaotic Mixmaster behavior in gravitational systems with p-form mat- 
ter: we consider this in light of the connection between supergravity models and Kac-Moody alge- 
bras. We show that different compactifications define "mutations" of the algebras associated with 
the noncompact theories. We list the algebras obtained in this way, and find novel examples of 
wall systems determined by Lorentzian (but not hyperbolic) algebras. Cosmological models with 
a smooth pre-big bang phase require that chaos is absent: we show that compactification alone 
cannot eliminate chaos in the simplest compactifications of the heterotic string on a Calabi-Yau, or 
M theory on a manifold of Gi holonomy. 



INTRODUCTION 

It has long been known that gravitational systems typ- 
ically approach a big crunch chaotically - a phenomenon 
sometimes called "Belinskii-Khalatnikov-Lifshitz (BKL) 
oscillations" or "Mixmaster behavior" [l[ . Spacetime be- 
comes highly anisotropic, and the directions and rates of 
contraction (and expansion) oscillate chaotically until the 
big crunch is reached. This phenomenon deserves study 
for several reasons. For one, it is quite common among 
suitably general solutions of the Einstein equations near 
spacelike singularities. Also, the study of supergravity 
models in this regime has revealed algebraic structures 
that are related to a conjectured underlying U-duality 
symmetry group of M theory Q . Lastly, avoiding chaotic 
behavior is essential for any cosmological model with 
a pre-big bang phase; the universe must enter the ex- 
panding era in a nearly isotropic and homogeneous state, 
which seems unlikely after a chaotic epoch. 

Here we characterize the chaotic properties of the low- 
energy supergravities obtained from simple compactifi- 
cations of the heterotic string and M theory. We begin 
with the remarkable fact that the dynamics of these the- 
ories in the BKL limit is controlled by the BE 10 and E 10 
Kac-Moody algebras 0. This structure is invariant un- 
der toroidial compactification [ij , but non-toroidial com- 
pactification changes the standard picture [j| by deleting 
and adjoining roots of these algebras according to simple 
rules. Each compactification thereby produces a "muta- 
tion" of the original algebra. We apply this fact and ob- 
tain novel examples where the dynamics is controlled by 
Lorentzian algebras that are not hyperbolic, previously 
seen only in Einstein gravity in spacetime dimension > 11 
or when the noncompact spectrum is constrained as in 
0. We also list the compactifications for which chaos is 
suppressed: these provide a set of potential cosmological 
models whose pre-big bang phases are free of chaos. 

In the present work, we consider only "simple" Kaluza- 



Klein compactifications: quantum effects, fluxes, D- or 
M-branes, orbifolds, conifolds, etc., are not included, 
though it would be interesting to discover how these af- 
fect our conclusions. We also work in a free field ap- 
proximation, but even if potentials are included, the only 
possibility relevant for chaos appears to be a matter com- 
ponent with P > p [Tj , as required by the cyclic universe 
Q. Most other interactions as well as matter with 
P < p, are irrelevant near a big crunch. 



THE WALL SYSTEM 

We first review some essential facts regarding the wall 
systems corresponding to gravitational theories, follow- 
ing [3j]. We study cosmological spacetimes with string 
frame metric 



ds 2 



(1) 



i=i 



in which spatial curvature is included through the choice 



of 



i(x)dx J , and d = 9 or 10, depending on 



whether we are studying a ten dimensional superstring 
theory or eleven dimensional supergravity. In the su- 
perstring case, we define 0°(t) = EiU/^C*) + 2 $(i), 
and fix N = nexp (— j3 J, while for the M theory case 

N = n cxp Ylj=i Z^ ) ■ ln either case, we will refer 
to the variables /3 M with p = 0, ... ,9 or 1, 10 as re- 
quired. The spacetime action becomes 



y, d/P d(3 v 
In dt dt 



nV(/3) dt 



(2) 



where is a flat metric of signature ( — !-•••+). The 
effects of p-form energy densities, spatial gradients, and 
curvature in the physical spacetime are thereby encoded 
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in the Toda-type potential 

V(P) = £|c A |exp(-2uu /1 /? / *) 



(3) 



for the motion of the point /3 M (i) in an auxiliary space- 
time. The {wa} are "wall forms," indexed by A and 
with components WAp,- They are determined by the p— 
form menu, and each corresponds to a Kasner stability 
condition [l], 13, 0|- The coefficients ca depend on the 
initial energy densities in p-form fields, curvature per- 
turbations, spatial gradients, and other contributions. 

It is conventional to simplify matters by restricting our 
attention to a smaller set {ta} C {w^} of "dominant 
walls," which are not hidden behind other walls. In the 
case of superstrings and M theory, the Cartan matrix 
Aab = 2(r^ • Tjj) I [ta ■ Ta), computed using the natu- 
ral metric 7^ t „ on the /3-space, is precisely that of the 
Eio and BEiq Kac-Moody algebras 0]. The dominant 
walls play the role of simple roots of the algebra. For 
the E w and BE W cases, the point (3^{t) is trapped by 
the dominant walls, and so the corresponding string and 
M theory models have only chaotic solutions, undergoing 
an infinite number of BKL oscillations as they approach 
the big crunch. 



COMPACTIFICATION AND MUTATION 

Compactification changes the wall system associated 
with a given theory. To see why, consider that when 
spacetime is non-compact, each p-form posseses a spa- 
tially homogeneous mode that can grow rapidly near the 
big crunch. These modes correspond to dominant walls 
and are responsible for chaos. The wall system is un- 
changed by toroidial compactification 0, |j| , but it was 
shown in [5| that compactification on more general mani- 
folds can avoid chaos by forbidding the spatially homoge- 
neous modes of some p-form fields. The energy density in 
the remaining modes scales like dust or radiation, which 
are irrelevant during a contracting phase. 

The influence of compactification on the wall system 
is expressed by a "selection rule" [f|: If a Betti number 
bj of the compact manifold vanishes, then remove from 
{wa} all p-form walls arising from the electric modes of 
a j-form or the magnetic modes of a (j — l)-form. (We 
take the "p" in "p-form" to be the number of indices 
on its gauge potential.) There is a corresponding rule 
for gravitational walls, which we will not employ here. 
The selection rules are subject to a genericity assump- 
tion that the compact manifold M does not factor, both 
topologically and metrically as M — Mi x M-i. 

Since compactification deletes walls, it modifies the 
dominant wall set. If the Cartan matrix for the new 
dominant wall set obeys the generalized Cartan condi- 
tions , it defines a new algebra, the "mutation" of the 
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TABLE I: Summary of the compactifications of the heterotic 
theory on M%. Vanishing Betti numbers are denoted by a "0," 
non-vanishing ones with a "+." "G" denotes a gravitational 
wall form that, when deleted, leaves a remaining root system 
of Lie type. Two previously unnamed root systems appear, 
denoted Xio and X[ . The bi = &3 = examples possess 
special properties as described in the text. 



original algebra. There is no a priori reason that spe- 
cial properties of the dominant wall set should survive 
compactification, and in the next section we will give 
examples where the new wall systems do not define an 
algebra. 

A natural question arises: can compactification remove 
enough walls to allow non-chaotic solutions to a previ- 
ously chaotic theory, such as string or M theory? This 
was addressed in [5[, where some non-chaotic solutions 
were found. Here we will give a more complete answer, 
using the "coweights" A v ^ introduced in [3[. If the {ta} 
are linearly independent and complete, the coweights are 
defined by the condition r^A^' 1 = Sa B ■ The region 
far from the walls is then given by the cone W + of linear 
combinations of coweights with nonnegative coefficients. 
Non-chaotic solutions of ([2]) are null rays whose veloci- 
ties lie in W + . These solutions exist only when there are 
both spacelike and timelike coweights; thus proving the 
existence of non-chaotic solutions reduces to computing 
the norms of the coweights. 



HETEROTIC STRING AND M THEORY 

We now possess the tools required to describe the 
chaotic properties of a theory, given its p-form menu 
and the Betti numbers of its compactification manifold, 
which we now apply to the supergravities obtained from 
the heterotic string and M theory. For each theory, we 
begin with the full set of billiard walls as given in [3, 0] . 
We then remove walls in accordance with the selection 
rules described in the previous section and in [Bj], and 
find the new relevant walls. From these we calculate the 
new coweights and new Cartan matrices, which deter- 
mine the chaotic properties of the compactified theories 
as per our discussion above. 
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FIG. 1: The root systems arising from the compactification 
of the heterotic string on a six-manifold. There are two un- 
named rank ten diagrams, denoted Xio and X[ . "G" denotes 
a gravitational wall. 



The results for the heterotic string are summarized 
in Figure Q] and Table fl] We assume compactification 
on a six-manifold, which has three relevant Betti num- 
bers b\, 62 and 63, and therefore eight possible vanishing 
Betti number combinations. Our results indicate that 
controlled chaos requires either 63 or both b\ and &2 to 
vanish. This agrees with numerical searches for Kasner 
solutions with controlled chaos carried out by the author. 
The formulation reported herein is superior to that of [5[ 
and the numerical search since we can say definitively 
that these are the only solutions with controlled chaos. 
Significantly, Calabi-Yau compactifications, which have 
b\ = but 62, &3 > 0, appear incompatible with con- 
trolled chaos. 

A wide variety of root systems arise from compactifi- 
cations of the heterotic string. While the original wall 
system is described by a Dynkin diagram, one sees from 
Figure[T]that this property is not shared by all of the wall 
systems after compactification. However, a valid Dynkin 
diagram is always obtained by omitting a single gravita- 
tional wall. The diagrams so obtained include algebras of 
Lorentzian (Xm, X' w ), hyperbolic (BEiq, DEiq, AEg), 




FIG. 2: The Dynkin diagrams appearing in the compactifica- 
tion of M theory. 

affine (Eg), and finite (Bg) type. 

Compactification provides novel examples of systems 
where the dynamics is controlled by algebras that are 
Lorentzian but not hyperbolic - i.e. the simple root 
Gram matrix has signature ( — h • • • +), but deleting any 
single node does not yield a finite or affine algebra. The 
relevant new algebras are Xig and X' 10 in Figure Q] They 
are examples of the "very extended" Lie algebras of the 
type studied in [111 ], with various possible central node 
assignments. The appearance of these algebras is no- 
table, since previous examples of algebras arising in the 
BKL limit have all been hyperbolic, except for the AEd 
series with d > 10 for pure gravity in (d+ 1) dimensions, 
and some Lorentzian algebras obtained by geometric con- 
straints on M theory fields jf|. 

Special care is required when all three Betti numbers 
vanish, for the relevant wall set is linearly independent 
but incomplete. We can recover the coweight descrip- 
tion by introducing a (spacelike) covector A v such that 
r,4 M A v ' i = for all A. The A vA are then determined up 
to A yA — A vA + fc A A v for constants k A , which we fix by 
requiring rj^K yA ^K Vl ' — 0, which amounts to minimiz- 
ing the norm of the coweights. Now by analogy to the 
usual case we can treat A v as a coweight and write points 
in W+ as AA V + J2a ^AA yA , with X A > 0. Since A may 
take any value, W + is no longer a cone. Nonetheless, 
A v is spacelike and therefore non-chaotic solutions exist. 
When only 62 > 0, the dominant walls are not linearly 
independent, and so a coweight description is impossible: 
however it is clear that this compactification has non- 
chaotic solutions since the 63 = compactification does. 

We next consider eleven dimensional supergravity. The 
results are shown in Figure [5J The chaotic properties are 
entirely controlled by two Betti numbers, 63 and 64, and 
in compactifications to four dimensions we have 63 = 64 
by Poincare duality. Therefore the only relevant algebras 
for compactification to four dimensions are E\q (when 
64 > 0) and AE W (when 63 = 64 = 0). Ej ++ was found 
to control the dynamics of an M theory truncation in 
Q, though via a different construction and without the 
additional gravitational wall present here. 
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Our results imply that chaos can be controlled if 63 = 
64 = 0. This yields AE\q, which is Lorentzian (but not 
hyperbolic) and possesses spacelike coweights. This is ex- 
pected: with this compactification the massless bosonic 
sector is identical to vacuum Einstein gravity, whose bil- 
liard system is described by AE W and is not chaotic 

CONCLUSIONS 

We have studied how compactification influences the 
algebraic structures controlling the dynamics of string 
and M theory models near a big crunch. Different com- 
pactifications of the heterotic string and M theory, de- 
fined by their vanishing Betti numbers, lead to "muta- 
tions" of the BEiq and E\q algebras that control the BKL 
dynamics of the noncompact theories. We have listed the 
set of algebras obtained from simple compactifications, 
and have found new examples where the BKL dynamics 
is controlled by Lorentzian (but not hyperbolic) algebras, 
denoted here by X Wl X' w , and Ej ++ . Previously, alge- 
bras in this class have only been observed controlling the 
BKL dynamics of pure Einstein gravity in (d + 1)> 11 
dimensions, where the AEd series appears, or in [6j. 

Our results rule out controlling chaos in the sense of 
Q within the simplest string models of four-dimensional 
physics. For the heterotic string compactified on a 
Calabi-Yau manifold the first Betti number b\ = 0, 
but both 62 and 63 are nonzero. As Table Q] indicates, 
compactification with only b\ vanishing is insufficient to 
control chaos. A similar problem arises with M theory, 
compactified on a seven-manifold of G2 holonomy [13j |. 
In this case 63 and 64 are nonzero, and we have shown 
here that chaos is inevitable for a compactification with 
these Betti numbers. 

Our work connects with other results regarding mod- 
ifications of the algebras that control BKL dynamics. 
Lorentzian subalgebras of E\q were uncovered in [6[ 
through various truncations of the spectrum of M theory. 
In 0] chains of theories controlled by the same (hyper- 
bolic) algebra are obtained by by dimensional oxidation 
and reduction. The results presented here indicate that 
it is possible to jump between chains through oxidation 
or reduction on manifolds with vanishing Betti numbers. 

It would be interesting to understand how the selection 
rules are modified in more general string and M theory 
compactifications (including flux, D- or M-branes, orb- 
ifolds, etc. - see [L4J). These wider classes of string mod- 
els hold the promise of providing a realistic low energy 
particle spectrum, and we expect that the techniques cm- 
ployed here would be useful for determining whether con- 
trolled chaos is possible. It would be significant for cos- 
mology if a satisfactory compactification could be found, 
as it might form the basis of a new string cosmological 



model with a smooth pre-big bang phase. 
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